Abstract. We investigate finite-state systems with costs. Departing from classical theory, in this paper the cost of an action does not only depend on the state of the system, but also on the time when it is executed. We first characterize the terminating behaviors of such systems in terms of rational formal power series. This generalizes a classical result of Schützenberger. Using the previous results, we also deal with nonterminating behaviors and their costs. This includes an extension of the Büchi-acceptance condition from finite automata to weighted automata and provides a characterization of these nonterminating behaviors in terms of -rational formal power series. This generalizes a classical theorem of Büchi.
Introduction
In automata theory, Kleene's fundamental theorem [17] on the coincidence of regular and rational languages has been extended in several directions. Schützenberger [26] showed that the formal power series (cost functions) associated with weighted finite automata over words and an arbitrary semiring for the weights, are precisely the rational formal power series. Weighted automata have recently received much interest due to their applications in image compression (Culik II and Kari [6] , Hafner [14] , Katritzke [16] , Jiang, Litow and de Vel [15] ) and in speech-to-text processing (Mohri [20] , [21] , Buchsbaum, Giancarlo and Westbrook [4] ).
On the other hand, Büchi [3] extended Kleene's result to languages of infinite words, showing that finite automata recognize precisely the -rational languages. This result stimulated a huge amount of more recent research on automata acting on various infinite structures, and Büchi-automata are used for formal verification of reactive systems with infinite processes. For theoretical background on formal power series, we refer the reader to [25, 19, 1, 18] , and for background on automata on infinite words to [27, 23] .
In this paper, we wish to extend Büchi's and Schützenberger's approaches to weighted automata on infinite words. Whereas Schützenberger's result for automata on finite words works for weights taken in an arbitrary semiring, it is clear that for weighted automata on infinite words questions of summability and convergence arise. Therefore we assume that the weights are taken in the non-negative real numbers, endowed with maximum and addition as operations. This max-plus semiring of real numbers is fundamental in max-plus algebra and algebraic optimization (Gaubert and Plus [13] , Cuninghame-Green [7] ), and related semirings also occurred in other investigations on formal power series (e.g., [18, 8, 9] ). We note that a different approach of weighted automata acting on infinite words has been considered before in connection with digital image processing by Culik and Karhumäki [5] .
We will introduce the concept of automata acting on infinite words and with weights in the real max-plus semiring. Their behaviour is described by the function associating to each word the cost the automaton needs for evaluating it. However, here the arising infinite sums of weights of the transitions in an infinite computation sequence usually diverge. In order to enforce their convergence, we introduce a deflation parameter Õ ¾ ¼ ½µ. That is, we assume that in a computation sequence, the cost of a later transition is decreased by multiplication with a power of Õ. This is a usual mathematical procedure in order to obtain convergence of series. It even enables one to compare their "rate of former divergence". Moreover, here somewhat surprisingly it also reflects the usual human evaluation practices in which later events are considered less urgent and carry less weight than close events. Note that multiplication with a nonnegative real constitutes an endomorphism of the max-plus semiring.
Therefore we derive, as our first new result, a generalization of Schützenberger's classical result on automata on finite words, where the weights are taken in an arbitrary semiring, but now changed along computation sequences by a given endomorphism. In fact, we show that also under this notion several different concepts of automata investigated before in the literature again coincide. If the endomorphism is the identity, we obtain Schützenberger's theorem as a particular case. This result is of independent interest, since such skew multiplications have been considered in the area of Ore series in difference and differential algebra, cf. [22, 12, 11, 2] . We prove analogues of classical preservation theorems for homomorphisms between different alphabets or semirings. We also show that when considering the max-plus semiring and multiplication with reals as endomorphisms, then different numbers yield indeed different collections of recognizable series.
Then we turn to automata on infinite words with weights in the real max-plus semiring as described above. The -recognizable series are those which can be obtained as the behaviour of a finite weighted automaton acting on infinite words. We define rational operations on series over infinite words like sum and skew product, Kleene iteration and -iteration. The -rational series then are those which can be obtained by these operations from the monomials.
Our second main result states that -recognizable and -rational formal power series over the real max-plus semiring with deflation parameter Õ coincide, for each Õ ¾ ¼ ½µ. We show that from this one can obtain Büchi's classical result on the coincidence of -recognizable and -rational languages as a consequence. This is essentially due to the fact that the Boolean semiring can be naturally embedded into the (idempotent) max-plus semiring.
Due to length restrictions, many proofs had to be omitted from this extended abstract, the interested reader is referred to the technical report [10] for a complete version. For a recent study on Büchi-automata with weights in bounded distributive lattices, see [24] .
Weighted automata
First let us recall some background on semirings; see also [25, 19, 1, 18] In the following,´Ã ¨ ¬ ¼ ½µ will always denote a semiring and ³ Ã Ã an endomorphism of this semiring.
We next define weighted automata. The underlying idea is to provide the transitions of a finite automaton with costs in the semiring Ã. For later purposes, we includetransitions. In order that costs for words are well defined, we have to assume that the -transitions do not form any loop. So let be an alphabet and
where -É is a finite set of states, The running cost ÖÓ×Ø´È µ of the path È Ø ½ Ø ¾ Ø Ò ¾ Ì £ is defined inductively:
If the path È is labeled by Û, its cost is given by In the sequel, we will use the term formal power series (series or FPS for short) for mappings Ë £ Ã. Since our definition of ¬ ³ involves the "skew parameter" ³, the semiring Ã ³ £ deviates strongly from the semiring of classical formal power series over any semiring:
for Ù ¾ £ and Ü ¾ Ã, let ÜÙ denote the monomial power series with´ÜÙ Ûµ ¼ for Û Ù and´ÜÙ Ùµ Ü. Then, for ¾ and Ý ¾ Ã, the Cauchy product satisfies ½ ¬ Ý Ý Ý ¬ ½ , but for the skew product, we have ½ ¬ ³ Ý ³´Ýµ and
The series Ë is quasiregular provided´Ë µ ¼. In this case, we definé · is only applied to subexpressions whose value is a quasiregular formal power series. Let ÜÔ denote the set of all rational expressions. It is obvious that they give rise precisely to the rational formal power series. before, e.g., by Kuich and Salomaa [19] .
The depth of a rational expression is defined in the obvious way:
Let be a generalized weighted automaton. Since Ì is finite, there is a rational expression occurring in a transition of that has maximal depth; its depth is the depth of . Finally, the breadth of a generalized weighted automaton measures how often its depth is realised:
is finite, this is always a finite number.
Lemma 3.3.
Let Ë be a ³-rational formal power series. Then Ë is ³-recognizable.
Proof. Let be a generalized weighted automaton and let´ µ be an edge of maximal depth. If the depth of is ¼, then any edge in is labeled by a constant (i.e., by a monomial over a letter or the empty word). We can easily define a weighted automaton with -transitions ¼ with the same behavior. By Lemma 2.2, we can dispense of the -transitions of this automaton, hence the formal power series is ³-recognizable.
If the depth of is positive, then is of one of the forms ½¨ ¾ , ½ ¬ ³ ¾ , or · ½ . In each of these cases, we can replace the edge´ µ by some other edges whose labels are among ½ , ¾ , and ½ . Hence the breadth (if it was at least ¾) or the depth (otherwise) has decreased which allows us to proceed by induction.
Ù Ø
A weighted automaton Thus, in the proof of the following lemma, we can start from a normalized weighted automaton that we consider as a generalized weighted automaton. Inductively, the transitions of this generalized weighted automaton get collapsed until, finally, just one is left whose label is the desired rational expression. 
Preservation properties
In analogy to classical results on formal power series [25, 1, 19] , here we show that also in our setting certain homomorphisms £ £ and also homomorphisms between semirings define transformations of series which preserve rationality resp. recognizability of the series. 
This lemma is shown using pumping arguments in weighted automata. For the second statement, we deal with the possible order relations between Ô, Õ, and ½ separately.
Summarizing, we get the following Let Ô Õ be positive real numbers. Then Ê Ô´ £ µ Ê Õ´ £ µ contains all monomials, certain characteristic series, and satisfies the above closure properties. We conjecture that it is the least set of formal power series having these properties. If this is indeed the case, then Ê Ô´
Weighted Büchi-Automata over Ê Ñ Ü
In this section, we will consider non-terminating executions of a weighted automaton.
For these considerations, we restrict the parameter Õ to values satisfying ¼ Õ ½.
However, first we recall the classical definition of a Büchi-automaton: it is a quadruple Ë. On the other hand, there is no function Ì £ Ê Ñ Ü whose limit Ì is Ë (the proof is analogous to the proof that £ is not the limit Ä of any subset Ä of £ , cf. [23] ).
Let be a deterministic automaton and let Ä · be the language accepted by . If we consider as a Büchi-automaton, it accepts the language Ä . A similar fact can be shown for weighted automata, where a weighted automaton is deterministic if Ü µ ´ Ý µ ¾ Ì imply Ü Ý and . The following slightly more general lemma imposes restrictions on the number of paths with a given label. Furthermore, we have to assume the automaton to be complete: for any state and any letter , there is an edge´ Ü µ for some weight Ü ¼ and some state . Proof. Recall that any -rational language can be written as a finite union of -lan- To formally derive the classical Büchi-result for -languages, one first shows that for any Ä ½ , we have that L is Büchi-recognizable ( -rational, resp.) iff ½ Ä ¾ Ê Õ´ £ µ (½ Ä ¾ Ê Ø Õ´ £ µ, resp.). Together with Theorem 6.7, this implies Corollary 6.8. Let Ä ½ . Then Ä is Büchi-recognizable iff Ä is -rational.
